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ABSTRACT

Thispaperpresentsa systemthatautomaticallyproduceshigh dy-
namicrangemanifold mosaicsfrom a streamof imagescaptured
by a handheldcamcorder. The methodgathersmultiple images
of the samesubjectmatterat different exposurelevels, by sim-
ply allowing thecamera'sautomaticgaincontrolfeature(AGC)to
operatewhile thecamerais in motion. The imageregistrational-
gorithmthensimultaneouslyestimatesthespatialandtonalalign-
mnet betweenpairs of imagesfrom the video sequence.The 8
parameterprojective transformationis usedfor the spatialalign-
mentbetweenpairsof images. Tonal alignmentis computedby
usingthe inversecameraresponsefunction to linearizethe pixel
responsewith respectto light quantity, andthen�nding thescalar
gain betweenthe images. The alignmentmodel thus has9 pa-
rameters,which are jointly estimatedin an iterative multiscale
least-squaresmethod. Since it is not usually possibleto accu-
ratly adjust the exposureof a handheld video camera,conven-
tianalmethodsfor recoveringthecameraresponsefunctioncannot
beused.To solve this problema new methodof obtainingcamera
responsefunctionispresentedthatonly requiresthatthecamerabe
equippedwith anexposurelock feature.Themethodsolvesfor the
responsefunctiondirectlyusingsuperpositionconstraintsimposed
by differentcombinationsof two (or more)lights to illuminatethe
samesubjectmatter.

1. INTR ODUCTION

The creationof panoramicimagesfrom imagesobtainedfrom a
camerathat is free to pan,tilt andzoom,is well understoodand
hasbeenexploredby many in the computervision andgraphics
�elds. It seemshowever, thatthetonalregistrationbetweenimages
is usuallyneglected. Many methodsasa result, requirethat the
exposureis not changedduringtheimageaquisitionprocess.This
restrictionseemsratherunpleasant,sincepanoramicscenesoften
containlarge variationsin lighting. It is alsothe casethat many
inexpensivevideodevices,suchasUSBwebcamsarenotequipped
with any manualexposurefeatures.

The methoddescribedin this paperis a naturalcombination
of an interative imagespaceregistrationtechniquewith the pho-
toquantigraphicmethodsof high dynamic rangeimaging. The
techniqueallows panoramicscenesto be capturedwith an AGC
enabledvideo camera,and it facilitatesthe constructionof high
dynamicrangeimages,simply by centeringthecamera's view on
differentportionsof thescene(with varying brightness).For ex-
ample,if whenusingAGC,we point thecameraat bright objects,

the gaindecreasesso thatdarker objectsin the peripherymaybe
underexposed. Similarly, whenwe point the cameraat dark ob-
jects,theperipherywill beover exposed.Since,theAGCin video
cameras,tendto respondquiteslowly, aswepanfrom abrightob-
ject to adarkobject,thecamerawill transitionsmoothlythrougha
rangeof exposures,giving usanicerangeof exposuresettingsfor
thecommonsubjectmatter.

To achieve a goodspatialalignmentbetweenimages,it is im-
portantto usea modelthat describesthe transformationbetween
imagesacccuratly. Themodelmostcommonlyused,is theeight
parameterprojective coordinatetransformation:
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whereA ; b; c containthe eight parametersof the projective
coordinatetransformation(seeequation(6).

Thismodelis idealsincewhenappliedacrosstheentireimage,
it candescribeexactly therelationbetweentwo imageswhereall
the objectsin the scenearestaticand the camerais only free to
rotateandzoom. It is alsoexact for a planarsceneimagedfrom
arbitrary locations. This latter point is not so importantfor the
commoncylindrical andsphericalpanoramicmosaics,howeverfor
themoregeneralmosaicingframework presentedby Peleg et. al.
[1] This extendedcapabilityis useful.

Sincethehandheldpanningmotionis primarily rotational,the
presentedsystemmakesuseof asimplerotationalmodelpresented
by Peleg et. al. in [2] to coarselyestimatethetransformationbe-
tweenimages.This modeldescribestherelationbetweenimages
as:
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,
andR is the rotationmatrix describingthe camera's 3D rotation



aboutits opticalcentre:
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f is thecamerafocal lengthin pixels. (cx ; cy ) is camera's princi-
ple point (weretheopticalaxisof thecameraintersectstheimage
plane).1

Therotationalmodel(2) requiresthatweknow thefocallength
of the camera,however the reducednumberof free parameters
(threein total)makesthematchingalgorithmmorestableandthus
moreablecopewith large cameramotions. For the �ne adjust-
metsin imageregistration,the presentedmethodsmakes useof
thefull eightparametermodel(1) with aninthparameteraddedto
describethechangein cameraexposurebetweenimages.Both of
thesemethodswill bedescribedin detail in thenext section.

To usea singlegainparameterto describethechangein pixel
valuesdue to a changein exposure,the cameramust be linear.
For example,if in imageone,pixel (x; y) hasvalueI 1 (x ; y ) and
we doubletheexposurefor imagetwo, thencorrespondingpixels
musthave twice thevalue.i.e. I 2 (x ; y ) = 2I 1 (x ; y ). It is known
thatmostcamerascanbequitenon-linearespeciallyin theextents
of their range.It is thereforenecessaryto �nd a function that re-
latesthepixel valuesto photoquatities.This funcion is known as
the cameraresponsefunction. Oncethis function is known, the
cameracanbelinearizedby applyingtheinversecameraresponse
functionto thepixel values.

In thispaper, amethodis presentedthatdeterminestheinverse
responsefunctionof thecameraby usingthesuperpositionprop-
erty of light. Themethodsolvesfor theinverseresponsefunction
directlyusingsuperpositionconstraintsimposedby differentcom-
binationsof two (or more) lights to illuminate the samesubject
matter. The methodovercomesthe problemof needingto accu-
ratly set the exposureof the camera,and requiresonly that the
camerabeequippedwith anexposurelock feature.

2. SPATIAL ALIGNMENT

Thebasicspatialalignmenttechniqueis verysimilarto themethod
presentedby ShumandSzeliskiin [2]. Alignmentbetweenpairs
of imageis donein a coarseto �ne framework, where�rst, an
imagepyramidis computed,thenstartingat thecoarsestlevel, the
motionmodelof choiceis �t betweentheimagesusinganiterative
method.

2.1. 8-Parameter Projective Transformation

At a given scale,we wish to estimatethe motion betweentwo
imagesI 0 (x ) andI 1 (x ), in termsof a parametricmotion model
x 0 = f (x ; m ) wherethecomponentsof m arethemotionparam-
eters.Wewould thuslike to minimize:

" m =
X

8 x

[I 1 (f (x ; m )) � I 0 (x )]2 (5)

Herewe areassumingthat theexposurehasnot changedbetween
images.Thiscasewill beconsideredin a latersection.For thefull

1cx andcy canbeapproximatedby usingthepixel coordinatesfor the
centreof theimage.

eightparameterprojective model:
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To iteratively solve for m , we computethe �rst orderTaylor
seriesapproximationof I 1 (f (x ; m )) with respectto m .

I 1 (f (x ; m )) � I 1 (x ) + r I 1 (x )
@f
@m

m (7)

By using an updatevector d = [d0 ; d1 ; d2 ; d3 ; d4 ; d5 ; d6 ; d7 ]T

suchthat:
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(8)

We cansimplify (9) to:

I 1 (f (x ; m )) � I 1 (x ) + r I 1 (x )J(x )d (9)

where,r I 1 (x ) is theimagegradientof I 1 at locationx , and
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is theJacobianof theprojective transformationwith respectm .
By combiningthis resultwith equation(5), weobtain:

" m �
X
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[I 1 (x ) + r I 1 (x )J(x )d � I 0 (x )]2 (11)

To minimize (11), we usethestandardleast-squaressolution
by normalequations.
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is theHessian, and
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is theresidual. SinceA is symmetricandnon-singular, it is easily
invertedto solve for themotionparametersd.

Sinceequation(9) is only a �rst orderapproximationof
I 1 (f (x ; m )) , the solutionfor m by (8) will only be accuratefor
small valuesof d. This meansthat in generalthe estimatedpro-
jective transformationbetweenpairsof imageswill only beaccu-
rate for smallcameramotions. In order to increasethe rangeof
the technique(larger cameramotions),we make useof the fact
thatthesetof projective transformationsformsagroupandis thus
closedundercomposition,to iteratively solve for desiredmotion
parameters.

Theiterativemethodhasthefollowing steps:



(i) Estimatethemotionparametersm of equation(6) by min-
imizing equation(11).

(ii) Usetheinversetransformationf � 1(x ; m ) to warptheorig-
inal imageI 0 to create~I 0 .

~I 0 (x ) = I 0 (f � 1 (x ; m )) (15)

(iii) Estimatethemotionparametersm 0betweenI 1 (x ) and ~I 0 (x )
by usingtheupdatedresidualvector~b:

~b =
X

8 x

h�
I 1 (x ) � ~I 0 (x )

�
J (x )r I 1 (x )

i
(16)

(iv) Generateanimprovedmotionestimateof f (x ; m ) by com-
posingf (x ; m 0) andf (x ; m ).

(v) goto(ii) until thedesiredaccuracy hasbeenachieved
To make useof thegrouppropertiesof theprojective motion

model(6), it is naturalto usethe matrix formulationin homoge-
nouscoordinates.
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or in vectornotation:

X 0 � MX (18)

Theinversetransformationcannow besimplywrittenas:

X � M � 1 X 0 (19)

Incrementalmotionscanthenbe composedinto onetransforma-
tion by usingthis representation.I.e.

x 0 = f (f (x ; m 1 ); m 2 ) = f (x ; m 0) (20)

as

X 0 � M 2 M 1 X = M 0X (21)

In theactualimplementationof thisalgorithm,acoarseto �ne
strategy is employedwith thefollowing steps:

(a) Constructanimagepyramidfor imagesI 0 andI 0 , by blur-
ring with a Gaussiankernelanddecimating.

(b) Low pass�lter eachimagewith aGaussiankerneltosmooth
thespatialimagegradients.

(c) Computer I 1 usingdifferencesbetweenadjacentpixels.
(d) Startingat thecoarsestlevel, estimatetheprojective trans-

formation betweenthe imagesusing the iterative method
describedabove. Computeapredeterminednumberof iter-
ationsbeforeproceedingto thenext level.

To improve thenumericalstability of themethod,all the im-
agesarerescaledsuchthatx; y 2 (� 0:5; 0:5]. Theactualtransfor-
mationbetweenimagesgivenby M is foundfrom M s thetrans-
formationestimatedfrom thescaledimages:

M = SM sS� 1 (22)
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Heresx andsy arethex andy dimensionsof theimages.

2.2. 3-ParameterProjectiveTransformation (Rotational Model)

In the restrictedsceneriowherethe cameramotion is restricted
to rotations(in threedimensions)aboutthecamera's optic center.
Theprojectivetransformationrelatingpairsof overlappingimages
canbe describedcompletlyby the threeEuler angles,describing
the3D-rotationof thecamera.This relationshipis givenby:

M � TVR V � 1 T � 1 (24)

whereT , V andR arede�ned in equations(3) and(4).
To solve the for M in an iterative schemeasin the previous

section,we usea linear approximationof the projective transfor-
mationfor smallrotations
 = [� � x :� � y ; � � z ]T aboutthecam-
era's opticalcenterin thecameracoordinatesystem.
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 )]V � 1 T � 1 = T (I + D 
 )T � 1 (25)

where

X (
 ) =

2

4
0 � � � z � � y

� � z 0 � � � x

� � � y � � x 0

3

5 (26)
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To solve for D 
 , we minimize:
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[I 1 (x ) + r I 1 (x )J 
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 � I 0 (x )]2 (28)

with theorigin of eachimageshiftedusingtransformationT . The
least-squaressolutionby normalequationsis again:
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and,theJacobianof theprojective transformationwith respectto
[� � x :� � y ; � � z ]T is:
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We canusethe iterative methodpresentedin the last sectionby
usingthis modelfor estimatingthemotionparametersat steps(i)
and(iii).



2.3. Estimating the Camera's FocalLength

To usethe3-parametermotionmodelfor estimatingtheprojective
transformation,we needto know the camera's focal length. To
estimatethefocal lengthfrom pairsof imagesthatarewell regis-
teredusinga projective transformation,the methodpresentedby
SzeliskiandShumin [2] was implemented.It was found how-
ever thatestimatesprovidedby thismethodwerevery inconsistant
whenappliedto typicalmotionestimatesfrom ahandheldcamera.
Thelackof anerrormeasurealsomakesit dif�cult to comparethe
estimatesthat resultfrom a largesetof registeredimages.In [2]
the medianvalue is usedas the bestfocal lengthestimate.This
however, performspoorly in thepresenceof outlier points,which
will frequentlyoccurwith any non-rotationalcameramotion.The
observed inconsistancy in themethodis however mostlikely due
to theimplicit assumtionthatrecoveredprojectivetransformations
obey equation(24). To addresstheseproblems,anew methodwas
developed.

For generalcameramotions,therecoveredprojectivetransfor-
mationM whendecomposedasin equation(24), will resultin a
valuefor R that is not orthonormal.We shouldthusrewrite (24)
as:

M � TV R̂V � 1 T � 1 (33)

By rearrangingwe get:

R̂ � V � 1 T � 1 MTV (34)

SinceM andT areknown, we caneasethenotationby writing:
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Thestrategy is thento �nd theoptimalvalueof f thatmake R̂
assimilar aspossileto a truerotationmatrix. In otherwords,we
wouldliketo solvefor the“best” rotationmatrixR to approximate
R̂ . Here,“best” is quanti�ed by theminimumFrobeniusnormof
thedifferenceR � � R̂ . where� is a scalarmultiplier to account
for thesimilarity relationship.Statedformally, theproblemis:

R = arg min
R ;�

kR � � R̂ k2
F (37)

with theconstraintthat:

R T R = I (38)

Since

kR � � R̂ k2
F = �h((R � � R̂ )T (R � � R̂ )) (39)

= 3 + � 2 �h(R̂ T R̂ ) � 2� �h(R T R̂ ) (40)

where�h denotesthetr aceoperator.
By computingthesingularvaluedecomposition(SVD) of R̂ .

we have R̂ = U�V T , where� = diag(� 1; � 2 ; � 3). We would
thuslike to minimize(40):

# = 3 + � 2 �h(V�U T U�V T ) � 2� �h(R T U�V T ) (41)

Usingthepropertiesof �h, thisbecomes:
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# is clearlyminimizedby settingR = UV T .
Wecanthensolvefor theminimizing� by differentiating(41)

by � andsettingtheresultto 0.
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Theerror in therotationmatrix R̂ with respectto its distance
from thenearestorthonormalmatrix,canbewrittensimplyas:

" R̂ = min
R ;�

kR � � R̂ k2
F = 3 �

(�h�) 2

�h(� 2)
(47)

The focal lengthf canthenbeestimatedby minimizing " R̂ with
respectto f using(47):

f = ar gmin
f

f min
R ;�

kR � � R̂ (Q; f )k2
F g (48)

In thecurrentimplementationof thesystemtheminimization
over f is carriedoutusingthefminsearch functionin Matlab. Esti-
matescanthenbecharacterizedby their errorde�ned by (47) and
curvaturein theerrorfunctionat theminimum(computedthrough
a simple�nite differencemethod).Two methodswerecompared
for determiningthebestestimateof thefocal length.Onemethod
wasto usetheestimatewith thelowesterror, Thetheotherwasto
take themedianfocal lengthasin [2].

The resultsfrom the two methodswere testedby using the
differentfocal lengthestimatesfor the3-Paramterrotationmethod
describedin theprevioussectiononasequenceof image,andcom-
paringthe resultingerror asde�ned by equation(47). Threese-
quenceswereused:a smoothlypanningvideosequence,thesame
sequencebut usingevery 5th frame,anda carefullycollectedse-
quencewith the camerapanningaboutits optical centerin large
steps. As expected,it was found that the carefully collectedse-
quenceproducedthebestresults.Themedianmethodperformed
slightly betterthan lowest error methodwith a large numberof
input images,and much worsewith a small number. Figure 1
shows a histogramof theestimatedfocal lengthsfor a Sony DCR-
TRV110 Handycamestimatedfrom a 280imagesmoothpanning
videosequence.

In all of themethodsandsequences,thefocal lengthestimates
generallydiffered by no more than 15 percent. This amountof
deviation produceda negligable differencein performaceof the
overall system,sincethe 3-parameterrotation methodwas used
only for coarsealignment.
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Fig. 1: Histogramof theestimatedfocal lengthsfor aSony DCR-TRV110Handycam
estimatedfrom a 280imagesmoothpanningvideosequence.Herethemedianfocal
lengthis 1115andtheminimumerrorfocal length1385.

3. TONAL ALIGNMENT

While thegeometriccalibrationof camerasis widelypracticedand
understood[3][4], oftenmuchlessattentionis givento thecamera
responsefunction (how the camerarespondsto light). In digital
cameras,thecameraresponsefunctionmapstheactualquantityof
light impinging on eachelementof the sensorarray to the pixel
valuesthatthecameraoutputs.

Linearity (which is typically notexhibitedby mostcamerare-
sponsefunctions)impliesthefollowing two conditions:

1. Homogeneity:A functionis saidto exhibit homogeneityif
andonly if f (ax) = af (x), for all scalara.

2. Superposition:A functionis saidto exhibit superpositionif
andonly if f (x + y) = f (x) + f (y).

The two areoften written together, as: f (ax + by) = af (x) +
bf (y).

In imageprocessing,homogeneityariseswhen we compare
differently exposedpicturesof the samesubjectmatter. Super-
position ariseswhenwe superimpose(superpose)picturestaken
from differently illuminatedinstancesof thesamesubjectmatter,
usinga simplelaw of compositionsuchasaddition(i.e. usingthe
propertythatlight is additive).

A varietyof techniqueshavebeenproposedto recover camera
responsefunctions,suchasusingchartsof known re�ectance,and
usingdifferentexposuresof thesamesubjectmatter[5][6][7][8].
The methodproposedherediffers from other methodsin that it
doesnot requiretheuseof charts,nor a camerathat is capableof
adjustingits exposure.Themethodproducesvery accurateresults
andrequiresonly thatthecamerahasanexposurelock feature.

Thecomparagram,asde�ned in [5][9][6][10] hasbeenwidely
usedasa tool for thecomparisonof multiple differently exposed
picturesof the samesubjectmatter. With enoughdata,a direct
nonparametricsolution for the cameraresponsefunction can be
obtained,otherwise,a semi-parametricmethodsuchas Cando-
cia's piecewise linear comparametricmethodwill often provide
betterresults[5]. A drawbackof completelynonparametricmeth-
odsis thatperiodicityin theamplitudedomain,i.e. amplitude“rip-
ples”, also known as fractal ambiguity [11] and comperiodicity
[12], plaguetheresultunlessmorethantwo input imagesareused
with exposuredifferencesthat are inharmonic(in the amplitude
domain).

Themethodproposein this paperusesthenotionof superpo-
sition ratherthan homogeneityto solve for the cameraresponse
function. In this methodthe linearconstrainteliminatesthe frac-
tal ambiguity. The following techniqueis used: in a dark envi-

ronment,set up two distinct light sources. Take threepictures,
onewith eachlight on individually (pa , pb), andonewith thetwo
lights on together(pc). From this datawe solve for the camera
responsefunction f by using the following constraints:For the
i th pixel position in eachof the three images: pa [i ] = f (qa ),
pb[i ] = f (qb), andpc = f (qa + qb). Wherethe quantityq is
known asthephotographicquantityor photoquanity[5][10].Note
that the photoquantityis neitherradiance,irradiance,luminance,
nor illuminance,rather, it is a unit of light, uniqueto thespectral
responseof a particularcamera.

3.1. The CameraResponseFunction

The cameraresponsefunction f may in generalbe modeledby
cascadingtwo non-linearfunctionsasshown in �gure 2. In this
diagram,thephotographic quantity(photoquantity) of light mea-
suredby the sensor, is mappedinto pixel spaceby a non-linear
dynamicrangecompressionfunctionanda uniformquantizer. We
call the �rst function the RangeCompressionFunctionbecause
mostcameraresponsefunctions,suchasthefamiliargammamap-
ping,areconvex.

In this methodit is assumedonly that this function is mono-
tonic andconvex[13]. Thequantizerin turn mapstherangecom-
pressedphotoquantitiesinto discretepixel values.

Fig. 2: Thesimplecameramodelusedfor themethod.Lightspacevaluescollected
by the camerasensorelementsarecompressedwith a non-linearfunction,andthen
quantizedto yield pixel values.

By assumptiontheRangeCompressionFunctionismonotonic.
Thus: photoquantitiesin therange[q1 ; q2); q1 < q2 will resultin
somepixel valuep1 ; photoquantitiesin therange[q2 ; q3); q2 < q3 ,
will resultin pixel valuep2 ; with p1 < p2 . We thensimplify our
analysisby approximatingtheRangeCompressionFunctionasbe-
ing linear betweenquantizationpoints,andby assumingthat the
probabilitydistributionof themeasuredphotoquantitiesis uniform
in this range.Therefore,givenpixel valuepx , themaximumlike-
lihood estimateof theoriginalphotoquantity�qx is givenby:

f � 1(px ) = qx =
qx + qx +1

2
; (49)

whereqx and qx +1 are lightspacequantizationpoints for pixel
valuepx .

3.2. Solving for the InverseCameraResponseFunction

Sincethepropertyof superpositionholdswith photoquantities,we
canform thefollowing equation:

f � 1(f (qa )) + f � 1(f (qb)) = q̂c : (50)
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Fig. 3: Oneof theimagesetsused.Leftmost:Picturewith light A turnedon. Middle:
Picturewith light B turnedon. Rightmost: Picturewith light A and B turnedon
together.

By equation(49), q̂c = �qa + �qb andby our assumptions,̂qc is the
maximumlikelihoodestimateof qa + qb givenourprior knowledge
of f (qa ) andf (qb). Wecannow form thesuperpositionequation:

f � 1(f ( �qa )) + f � 1(f ( �qb)) = f � 1(f ( �qa + �qb)) + �� Q ; (51)

where�� Q is the meanerror dueto quantizationof q̂c . Underthe
assumptionsstated,we cansolve for f � 1 , i.e. themappingfrom
pixel valuepx to maximumlikelihood (ML) photoquantities�qx ,
by minimizing thefollowing equation:

e =
X

8 n

�
f � 1(pa [n]) + f � 1(pb[n]) � f � 1(pc[n])

� 2
; (52)

wherepa [n]; pb[n]; pc [n] arethen th pixelsof threeimagestaken
of a scenewith constantexposureandthreeilluminationpermuta-
tionsof two light sourcesin anotherwisedarkenvironment.Pixel
valuespa andpb arefrom imagesof thescenewith eachof thetwo
light sourcesturnedon independently. Pixel valuepc is from the
imageof thescenewith both light sourcesturnedon together, as
shown in Fig 3.

Sincedigital camerasoutput a �nite rangeof discretepixel
values,caremustbe taken whenapplyingthe assumptionsmade
at theendsof thecamera's rangewhereclipping occurs.In there-
mainderof thepaper, wewill assumethatthecameraoutputspixel
valuesin therange[0; 255] with clipping occurringat 0 and255.
This is not always the case,but the modi�cation to the analysis
underotherconditionsis verysimple.

Using the proposedmodel, pixel values0 and 255 are pro-
ducedby therangeof photoquantities[0; q1) and[q255 ; 1 ) respec-
tively. Sincetherange[q255 ; 1 ) is in�nite in size,theassumption
that the distribution of photoquantitiesthat producea pixel value
of 255 will approacha uniform distribution over a �nite number
of imageswill obviously not hold. A similar argumentapplies
for pixel value0. We thereforedo not try to solve for f � 1(0) or
f � 1(255), or equivalently, to solve for �q0 and �q255 . Insteadwe
cansolve for thequantizationpointsq1 andq255 . Thisallowsusto
concludethat if we measurea pixel valueof 0 with thecamera,a
quantityof light below q1 wasmeasured.Similarly, a pixel value
of 255 representsa photoquantitygreaterthanq255 . Themethod
of solvingfor thesethresholdsis presentedlaterin this section.

In accordancewith this development,we de�ne f � 1 as the
mappingfrom pixel values(1; 2; 3:::254) to themaximumlikeli-
hoodphotoquantities( �q1 ; �q2 ; �q3 ::: �q254 ). We cannow write equa-
tion 52moresimplyas:

e =
X

8 n;P a ;P b
Pc 6=0 ;255

�
�qpa [n ] + �qpb [n ] � �qpc [n ]

� 2 (53)

Equation(5) can be ef�ciently minimized using a singular
value decomposition(SVD). To do this, we representf � 1 as a

vector ~f � 1 = [�q1 ; �q2 ; �q3 ::: �q254 ]T andwe form a constraintmatrix
A suchthatthen th row of thematrixcorrespondsto then th pixel
in imagespa ; pb andpc . Eachrow hasa 1 in columnsa andb,
� 1 in columnc andzerosin all othercolumns.In then th row, a,
b andc correspondto pixel valuespa [n], pb[n] andpc [n] respec-
tively. The leastsquaressolutionof the homogeneousequation:
A ~f � 1 = 0 is thenobtainedby obtainingtheSVD of A = U� V T

andusingthecolumnof V correspondingto thesmallestsingular
valuein � .

Solving for f � 1 by this methodassumesthat the error: � =
qa + �qb � �qc haszeromean.Without noise,clipping at 255 can
createa problemby biasingthedistribution of themeasuredpixel
values. With cameranoise,this biasbecomesvery signi�cant in
pixel rangesnearbothclippingpoints:0 and255. Also, aswith all
leastsquaresmethods,outlier pointscansigni�cantly perturbthe
solution.

With theseconsiderations,themethodis improvedby robustly
estimatingf ( �qc) by generatinga histogramof themeasuredpixel
valuesof c for eachadditive combinationof a andb. By assuming
that the normalizedhistogramis a reasonableapproximationof
theactualprobabilitydistributionof c, wecanusethepeakof this
histogramĉa+ b as our bestestimateof f � 1(f ( �qa + �qb)) . Our
minimizationproblemthusbecomes:

e =
X

8 pair sf x;y g

N f x;y g

�
�qx + �qy � �qĉx + y

� 2 (54)

WhereN f x;y g is thenumberof instancesof f � 1(a) + f � 1(b) =
f � 1(c) in thedataset.

For a digital camerawith 256 pixel levels, this collectionof
histogramscan be expressedin a 256 � 256 � 256 array, with
the �rst two dimensionsbeingthe pixel valuesin imagePa and
Pb respectively, andthethird dimensioncontainingthenumberof
occurrencesof eachpixel valuefor eachf a; bg combination.This
representationis effectivesincewecaneasilycompileinformation
from multiple imagesetsby simply addingthe collectionof his-
togramsproducedby eachset,therebyincreasingtheaccuracy of
ourestimateof f ( �qc). In orderto improve theestimateof thepeak
location,thehistogramsareeachsmoothedwith aGaussiankernel.
This precedureis especiallyimportantwhenf a; bg combinations
arepoorly represented.

To show that themethodperformsreliably, randomsynthetic
lightspacedatawasgenerated.To thisdata,aC1 continuousfunc-
tion was appliedto the lightspacedata,and the resultquantized
into 256imagespace/pixel values.Following thisprocedure,Gaus-
siannoiseof standarddeviation 10 wasaddedto thepixel values.
The singularvalue decompositionmethodwas then usedto re-
cover thefunctionusingthedescribedconstraintmatrixassociated
with equation(54). Theresultsof this procedureon thesynthetic
dataareshown in �gure 4. As canbeseenin the �gure, thehigh
quantity of noiseaddedhassigni�cantly affected the recovered
responsefunctions,however it demonstratesthestabilityof theal-
gorithm. Whenmorereasonablenoiselevels areused,suchasa
standarddeviation of 3, theresultsarevery accurate.

In situationswhereonly a small numberof image setsare
available,or thecameraexhibitsa largeamountof noise,it is nec-
essaryto add smoothnessterm to the objective function (54) to
achieve reliableresults:
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e =
X

8 pair sf x;y g

N f x;y g

�
�qx + �qy � �qĉx + y

� 2 + �
X

n =3:252

•f � 1(n)2

(55)

where� weightsthesmoothnesstermand •f � 1(n) is computedby:

•f � 1(n) = � ~f � 1 [n � 2] + 16~f � 1 [n � 1]

� 30~f � 1 [n] + 16~f � 1 [n + 1] � ~f � 1 [n + 2] (56)

It was found that for high quality digital cameras(suchas
a Nikon D1) the responsefunction could accuratelydetermined
without the smoothnessterm. However, it wasnecessaryto �nd
theresponsefunctionfor theSony DCR-TRV110Handycam.The
resultsof applyingthesmoothnesstermcanbeseenin �gure 5.
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Fig. 5: A comparisonof the cameraresponsefunctionssolved using the method
presented,with and without the smoothnessterm. The dotted line representsthe
solutionwithout thesmoothnessconstraint.

Oncea goodestimatefor ~f � 1 hasbeendetermined,we can
solve for the quantizationpoint q1 by examiningelementsin the
collectionof histogramsthat involve pixel value0. We thenapply
the inverseresponsefunctionto thehistogramandlook for a step
in the distribution to infer the valueof q1 . The samemethodis
thenusedto determineq255 . In practice,q1 haslittle valuesinceat
this low level, thenoiseinherentin theimagingsystemdominates.
In mostcases,it is reasonableto simpleassignf � 1(0) = 0 and
f � 1(255) = q255 .

To test the accuracy of the recoveredcameraresponsefunc-
tions, a similar setof imagetriples areused:pa = f (qa ); pb =
f (qb) andpc = f (qa+ b). To make thetestfair, we usea different
setof imagesthen thoseusedto generatethe responsefunction.
The inverseresponsefunction is appliedto pa andpb andthe re-
sultingphotoquantitiesqa andqb areadded.Wenow comparethis
sum(in eitherimagespaceor lightspace)with pc (or qc). The re-
sulting meansquareddifferenceis thenusedto ratethe response
function superpositionerror. This methodcan thenbe repeated
for setsof imageswith differentlighting con�gurationsto testthe
full camerarange.

3.3. Estimating the Exposure Differ enceBetweenImages of
Identical Subject Matter

If we have two imagesof identical subjectmattervarying only
exposure,wecanusetheinversecameraresponsefunctionto allow
usto estimatetheexposuredifference.

Assumingthesystemis perfectandthelightingdoesn't change
betweenexposures,for agivenpixel locationx : imageA haspixel
valuePA (x ) = f (q(x )) andimageB haspixel valuePB (x ) =
f (�q (x )) . Where� representsthemultiplicative changein expo-
sure. For example,usinga shutterspeedof 1/250s in imageA,
and a shutterspeedof 1/500 s in imageB would yeild � = 2.
To solve for the � we usethe inverseresponsefunction ~f � 1 and
minimizethefollowing squarederrorobjective functionacrossthe
entireimage:

� = ar g min
�

X

8 x

�
~f � 1 [PA (x )] � � ~f � 1 [PB (x )]

� 2
(57)

Which is easilysolvedby:

� =
P ~f � 1 [PA (x )] ~f � 1 [PB (x )]

P
( ~f � 1 [PB (x )]) 2

(58)

This solutionassumesthatwe have equalcertaintyin theval-
uesof ~f � 1 [n] for all valuesof n. This is of coursenot true for
severalreasons:

1. The variation in the slopeof the inverseresponefunction
causesthequatizationnoisein theestimatedphotoquanties
to vary.

2. The recoveredinverseresponsefunctioncanvary in accu-
racy for differentpixel vales.

3. The noisecharacteristicof the cameravariesfor different
pixel values.

Toaccountfor theseeffects,acertaintyfunctionc[n] 2 [eps;1]
wascreatedthatdescribesourcon�dencein thephotoquantiteses-
timatedfor eachpixel valuen. We expectc[0] andc[255] to be
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Fig. 6: On theLeft wehaveaplot of cf [n ] for theSony Handycam.Ontheright we
haveaplot of thecombinedcertaintyfunctionc[n ] = cf [n ]cQ [n ], representingour
con�dencein thephotoquantityobtainedusingtheinversecameraresponsefunction.

very smalldueto clipping. We includethis functioninto our esti-
mateof � by:

� = ar gmin
�

X

8 x

c[PA (x )]c[PB (x )]

f ( ~f � 1 [PA (x )] � � ~f � 1 [P B (x )]g2 (59)

� =
P

c[PA (x )]c[PB (x )] ~f � 1 [PA (x )] ~f � 1 [PB (x )]
P

c[PA (x )]c[PB (x )] ~f � 1 [PB (x )]2
(60)

c[n] is determinedin two steps: �rst the certaintyin the re-
sponsefunction cf [n] is estimatedexperimentally, then the cer-
taintydueto quantizationcQ [n] is estimatedfrom theslopeof the
responsefunction. The combinedcertaintyis thencomputesas:
c[n] = cf [n]cQ [n].

cf [n] is determinedduringthetestingof therecoveredinverse
responsefunctionasdescribedat theendof lastsection.For each
commonpixel in eachtriple of images:pa = f (qa ); pb = f (qb)
and pc = f (qa+ b), the inverseresponsefunction is appliedto
pa andpb andthe resultingphotoquantities�qa and �qb areadded.
Wethencomparef ( �qa + �qb) with pc . Theresultingmeansquared
differenceis thennormalizedby thenumberof pixelsof valuepc in
imageC, andthenareaccumulatedin anerrorhistogramehist [n]
at positionpc . This processis appliedto all the testingimages,
andtheresultingerrorhistogramis normalizedsothatits it hasthe
range[0; 1). cf [n] is thencomputedas:

cf [n] = 1 � ef [n] (61)

For theresultsof this processappliedto theSony Handycam,see
�gure 6. We expectthecertaintyfunctionto besmooth,however,
sincewe arecreatingit with a �nite amountof testingdata,we
usuallyhave to smooththeresult.

The certaintydueto quantizationis calculatedby taking the
derivative of theresponsefunction:

cQ [n] =
df ( ~f � 1 [n])

dq
(62)

In practicef is approximatedby inverting ~f � 1 . Thederivative is
approximatedusinga �nite differencemethod.cQ is alsonormal-
izedsothatits rangeis limited to (0; 1].

c[n] is thenobtainedby composingcQ andcf . Theresulting
certaintyfunctionfor theSony Handycamcanbeseenin �gure 6.

4. SIMUL TANEOUS SPATIAL AND TONAL ALIGNMENT

In orderregisterimagesfromcamerathatvariesitsexposure(whether
throughAGCor throughmanualadjustment),it is necessaryto si-
multaneouslyestimatethemotionparametersm andtheexposure
parameter� . Themethodpresentedis for thefull 8-parameterpro-
jectivemodel,sincethis is whatis usedin thecurrentimplementa-
tion, however theresultsareeasilyextendedto othermodels.The
developmentis verysimilarto thatpresentedin section2.1,soonly
themajorpointsarecovered.

Input imagesare�rst linearized(i.e. convertedto photoquan-
tities)usingtheinverseresponsefunction:

�I 0(x ) = ~f � 1 [I 0 (x )] (63)

�I 1(x ) = ~f � 1 [I 1 (x )] (64)

Using certaintyfunctionc[n] asan element-wisematrix operator
we canalsode�ne certaintyimagesto simplify ournotation:

C 0(x ) = c[I 0 (x )] (65)

C 1(x ) = c[I 1 (x )] (66)

Now, if we add the exposureparameter� and certainty to
equation(5), we get:

" m =
X

8 x

C 0(x )C 1(x )
� �I 1(f (x ; m )) � � �I 0 (x )

� 2 (67)

Equation(11)now becomes:

" m �
X

8 x

C 0 (x )C 1 (x )
� �I 1 (x ) + r �I 1 (x )J(x )d � �I 0 (x )

� 2

(68)

With theleastsquaressolution:

�A
�

d
�

�
= � �b (69)

where

�A =
X

8 x

C 0 (x )C 1 (x )
�

J (x )r �I 1 (x )
�I 0(x )

�

�
r �I 1(x )T J(x )T �I 0(x )

�
(70)

and

�b =
X

8 x

C 0 (x )C 1 (x )�I 1 (x )
�

J (x )r �I 1 (x )
�I 0(x )

�
(71)

Themotionparametersm cannow beiteratively estimatedus-
ing thestepsoutlinedin section2.1,with thesimpledifferenceof
warpingboththephotoquantityimage�I 0(x ) andthecertaintyim-
ageC 0 (x ) atstep(ii), andrecomputing�A and�b usingthewarped
imagesto estimatethemotionimprovementm 0.

5. CREATING HIGH DYNAMIC RANGE MANIFOLD
MOSAICS

Thesystemwasimplementedusinga Sony DCR-TRV110Digital
Handycam.Theresponsefunctionof thecamerawassolvedusing
themethodpresentedin this paper. Theresultsof thecanbeseen



in �gure 5. The focal lengthof the camerawasestimatedfrom
a sequenceof imagesspatially registeredusing the 8-parameter
projective method.For detailsseesection2.3.

Pairwiseestimatesfrom a video sequenceareestimatedin a
two stepprocess.First themultiscale3-parameterrotationmethod
is usedto createaninitial estimateof theinterframetransformation
(section2.2). Thentheestimateis re�ned by usingthecombined
spatialandtonalalignmenttechniquepresentedin section4.

It was found that this procedureproducedthe quickest and
moststabletransformationestimates.While not descriedin this
paper, anaf�ne motionmodelwasalsotestedfor roughlyestimat-
ing the transformation.It washowever, drasticallyoutperformed
by therotationmethodfor all situationsexceptfor puretranslatory
cameramotionandzoom. It wasalsofoundthat theperformance
in therotationmethodwasratherinsensitive to moderateerrorsin
the focal length. Note thatwhena very largefocal lengthis used
in the model, the resultingprojective transformationsdegenerate
to similarity transformations,which alsoperformvery well for a
roughmotionestimatein many cases.Thus,whenthefocal length
is notknown, anoverestimatecanbeusedin this two stepprocess,
to aid in �nding thetruefocal length.

Since the rotation model is only usedfor coarseestimates,
the input imagesareblurredwith a gaussiankernelwith � = 2,
whereasfor the�nal re�nements� = 1 is used.See�gures 7 and
8 to seethe methodin action. Figure7 shows the input images.
Figure 8 shows the estimatefrom the rotation method(note the
greaterblurring), and the re�nement from the joint spatial/tonal
alignment.
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Fig. 7: Imagesto bespatiallyandtonallyaligned
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Fig. 8: Results(in theform of differenceimages)from thetwo stagealignmenttech-
nique. On the left: the resultsfrom the rotationmodelestimate.On the right: the
re�nementfrom thespatial/tonalprojectivemethod.

The systemimplementedproducesmosaicsfrom a sequence
of input imagesusinga similarmethodto theRecti�edMosaicing
With AsymmetricalStripspresentedby Peleg et. al. [1]. It was
found that both the Asymmetricand Symmetricstrip algorithms
createdvisuallyundesirableresultsfor imageswith very little mo-
tion betweenthem. 2 This systemusesa simplifedapproachthat

2It is possiblethataimperfectionin my implementationcausedthepoor

producesvery goodresultsevenwith very largecameramotions.
The techniqueusesrectangularvertical stripswith a width deter-
minedby thehorizontaloffsetof theorigin betweentime adjacent
images.More precisely, theverticalstrip usedfrom imageI k be-
gins at the centreline of the imageand endsat the horizonatal
positonof the origin of imageI k + 1 projectedinto I k (usingthe
projective transformationrelatingthe spatialcoordinatesrelating
thetwo images).Thisstrip is thencementedinto themosiacusing
theverticaloffsetdeterminedby theverticalpositionof theorigin
of I k projectedinto I k � 1 (usingthetransformationrelatingI k and
I k � 1 ).

Beforecementingthe imagestripsinto the �nal mosaic,they
are�rst convertedto photoquantitiesusingthe inversecamerare-
sponsefunction. Theresultingpanoramathustonally alignedand
is linear in light. Using this method,thesepanoramascanhave
very high dynamicrange(dependingon the input sequenceused)
andmustviewedaccordingly. A simplemethodsoseeeverything
is to take thesqarerootof thelight quantitiesin thepanoramaand
scalethe result to [0; 255] for displaying. Figure9 displaysthe
resultsof this methodfor a kitchenscenewith a window. Another
methodis to usethecameraresponsefunctionto produceapicture
taken by a virtual camera.To do this we multiply thepanoramic
photoquantitiesby ascalingfactorto achievethedesiredexposure,
andthenusethecameraresponsefunctionto generatea pictureas
the camerawould have seenit. We canseethe resultsusingthis
displaymethod,for the samekitchenscenein �gures 10, 11 and
12.

To illustrate the robustnessof the motion estimationmethod
andthe effect of spatial/tonalalignment,the samekitchenscene
wasprocessedusingevery 15thvideoframe.Figure13 shows the
spatiallyandtonallyregistedmosiacand�gure 14,showsthesame
compositewithout thetonalalignment.
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